4.1 Subspace

· Suppose V is a nonempty subset of Rn
1. If x + y ( V where x ( V and y ( V, then V is closed under addition

2. If tx ( V whenever x ( V and t ( R, then V is closed under scalar multiplication

A subset of Rn that is closed under both addition and scalar multiplication is called a subspace of Rn.

· Every subspace contains the zero vector because when t = 0, 0x = 0 for any x.

4.2 Null Space

· If A is an m ( n matrix, the collection of solutions to the homogenous linear system Ax = 0 is called the null space of A, N(A). That is N(A) = {x ( Rn : Ax = 0}.

4.3 Structure of solutions to linear systems

· For an m ( n matrix A, the collection of solutions to the homogenous linear system with coefficient matrix A, V = {x ( Rn : Ax = 0} for a subspace of Rn.

· Any solution to the nonhomogenous system Ax = b can be written as xh + xp, where xh is the general solution to the homogenous system Ax = 0 and xp is the particular solution to the nonhomogenous system Ax = b. (Now the problem of solving a nonhomogenous system becomes finding one particular solution of the system and solving the corresponding homogenous system).

4.4 Using Matlab to solve a linear system

Using Matlab to solve a homogenous system Ax = 0

(The command: format rat changes the default formatting of results from decimals to rational number)

· METHOD 1: Use command: null(A)

· If the command: null(A) produces only the zero vector (in which case Matlab will return “Empty matrix n-by-n”), then the system has the trivial solution only;

· Otherwise, the general solution of Ax = 0 can be written as a linear combination of the vectors resulting from the command: null(A). (Note too, that the solution vectors in this case are not unique, since there are an infinitely many solutions).

· METHOD 2: Use command: rref(A)
· Then we solve rref(A)x = 0 to pick the solution.

See example on p. 27-28.

Using Matlab to solve a nonhomogenous system Ax = b

The general solution xn to the nonhomogenous system Ax = b consists of two parts: the general solution to the corresponding homogenous system Ax = 0 called xh, plus a particular solution xp, to the nonhomogenous system Ax = b. That is, xn = xh + xp.

· If there is a particular solution, xp, to the nonhomogenous system, then the system Ax = b has either a unique solution, or infinitely many solutions;

· If the homogenous system Ax = 0 has only the trivial solution, xh = 0, then the nonhomogenous system Ax = b has a unique solution xn = xp;

· Otherwise, the homogenous system, Ax = 0, and the nonhomogenous system, Ax = b, both have infinitely many solutions because xn = xh + xp. (To be rigorous, xn = rxh + xp, where r can be any real number. We multiply xh by an arbitrary constant r because it is a general solution, we do not multiply xp by such an arbitrary constant because it is a particular solution).

· If the nonhomogenous system Ax = b has no particular solution, then it has no solution at all.

· METHOD 1: Use null(Aug) to solve Ax = b

· If A is m ( n, then x ( Rn , b ( Rm.  The output of null(Aug) will have n+1 rows. Entries in the (n+1)st row are either 0 or 1. Roughly, 0 corresponds to vectors that give the general solution to the homogenous system, and 1 corresponds to – xp. More precisely, we have:

· Case 1: If the entries in the last row are all zeros, then the homogenous system has no solution.

· Case 2: If the output of null(Aug) is a single column vector with the last entry 1, then the nonhomogenous system has a unique solution.

· Case 3: If there are both 0’s and 1 in the last row (there could only be one 1, and it will be last entry in the row), then the nonhomogenous system has infinitely many solutions.

· We cross out the last row. The last column (which corresponds to a 1 in the n + 1st row) is –xp. By changing the sign of each component of that column, we obtain a particular solution to Ax = b.

· The other columns (that correspond to zeros in the n+1st row) form a basis for the null space.

· Recall that the general solution, xn = rxh + xp, where r can be any real number.

· METHOD 2: Use rref(Aug) to solve Ax = b

· Step 1: First look at the last column to see if it has a leading 1. If it does, the nonhomogenous system Ax = b has no solution. If it does not, proceed.

· Step 2: To find one particular solution, xp, to the nonhomogenous system Ax = b, we look at the last column of the output. We have to supply 0 for xi if the i-th column of the output does not have a leading 1.

· Step 3: Find the general solution to the corresponding homogenous system Ax = 0 (using the methods already described), call it xh.

[How do we determine the whether or not a column has a leading one?]

5.1 Spanning Sets

Suppose that V is a subspace of Rn  and x ( V. Since V is closed under scalar multiplication, for any t ( R, tx is also in V. Let Span{x} = {tx : t ( R}. That is, Span {x} is the collection of all scalar multiples of x.

In general, if x1, x2, … xp ( V, then Span{x1, x2, … xp} = {t1x1, t2x2, … tpxp }, for any real scalars t1, t2, …, tp ( R. In case any vector V can be written as a linear combination of x1, x2, … xp, that is, V = Span{x1, x2, … xp}, we say that x1, x2, … xp span V, or that {x1, x2, … xp} is a spanning set of V.

5.2 Spanning Subspace

The span of {x1, x2, … xp } ( Rn is the collection of all vectors that can be generated from x1, x2, … xp using addition and scalar multiplication. Theoretically, if V is an subspace of Rn containing x1, x2, … xp, then Span{x1, x2, … xp} ( V.

5.4 Applications (p. 37)

We know that the solution of a homogenous system Ax = 0 form a subspace, which is exactly the null space of the coefficient matrix A. When we use Matlab for null(A), the output is a list of  vectors. null(A) is the span of those vectors.

6: Linear Independence

The vectors x1, x2, … xp in a vector space V are said to be linearly dependent if there exists constants c1, c2, … cp, not all zero, such that c1x1 + c2x2 + … + cpxp = 0. Otherwise x1, x2, … xp are said to be linearly independent. That is x1, x2, … xp are linearly independent if and only if whenever c1x1, c2x2, … cpxp = 0, we must have c1 = 0, c2 = 0, … cp = 0.

How do we decide whether a given set of vectors (x1, x2, x3) are linearly dependent or independent?

1. We multiply the vectors by constants and set their sum equal to zero:



 c1x1 + c2x2 + c3x3 = 0

2. If  we let A represent a matrix having column vectors x1, x2, x3, and c represent a single-column matrix holding c1, c2, c3, the problem is now reduced to that of solving the system: Ac = 0.

a. If this system has only the trivial solution (that is, c1 = c2 = c3 = 0), then the vectors are linearly independent. Otherwise, if the system has a nontrivial solution, then the vectors are linearly dependent.

How to use Matlab to test a set of vectors for linear dependence or independence.

Method 1: Use null (A, ‘r’)


If there exists only the trivial solution, then the vectors are linearly independent. If there exists at least one non-zero vector in null(A), then the vectors are linearly dependent.

Method 2: Use rref(A)


If the number of leading 1’s is exactly the number of vectors (which is the leading number of columns in A), then the vectors are linearly independent. If the number of leading 1’s is less than the number of columns of A, then the vectors are linearly dependent.

7: Basis and Dimension

The set of vectors S = {v1, v2, …, vk} in a vector space V is said to form a basis for V if two conditions are satisfied: (i) S spans V; (ii) vectors in S are linearly independent.

E.g: For vector space Rn, e1 = [1 0 0 0]’, e2 = [0 1 0 0]’, e3 = [0 0 1 0]’, e4 = [0 0 0 1]’. Then {e1, e2, e3, e4} forms a basis for R4. In general, for vector space Rn, let ei be the n-d vector that has entry 1 at the ith coordinate and zeros elsewhere. Then e1, e2, e3 form the (standard) basis for Rn.

Theorems:

1. If S = {v1, v2, …, vk} spans a vector space W, then some subset of S form a basis for W.

2. If S = {v1, v2, …, vn} and T = {w1, w2, …, wm} are two bases for a vector space, then n = m.

Definition: The dimension of a nonzero vector space V is the number of vectors in a basis for V, written dimV. (Note that there are many bases for a vector space, but they all have the same number of vectors. That common number is called the dimension of the vector space.)
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